Far-field directional scattering and near-field directional coupling from simple sources have recently received great attention in photonics: beyond circularly-polarized dipoles, whose directional coupling to evanescent waves was recently applied to acoustics, the near-field directionality of modes in optics includes phased combinations of electric and magnetic dipoles, such as the Janus dipole and the Huygens dipole, both of which have been experimentally implemented using high refractive index nanoparticles. In this work we extend this to acoustics: we propose the use of high acoustic index scatterers exhibiting phased combinations of acoustic monopoles and dipoles with far-field and near-field directionality. All solutions stem from the elegant acoustic angular spectrum of the acoustic source, in close analogy to electromagnetism. A Huygens acoustic source with zero backward scattering is proposed and numerically demonstrated, as well as a Janus source achieving face-selective and position-dependent evanescent coupling to nearby acoustic waveguides.
I. INTRODUCTION
In electromagnetism and photonics, high index dielectric particles are becoming an important platform to study novel physical phenomena [1] . Unlike plasmonic nanoparticles, a high index dielectric particle can exhibit strong magnetic Mie resonances [2, 3] that are of comparable strength to the electric ones. Sources such as the Huygens and Janus dipoles show interesting directional scattering and coupling characteristics, both in the far field and in the near field [4, 5] , and they have been experimentally demonstrated in high-index nanoparticles [6] [7] [8] [9] with interfering electric p and magnetic m dipole moments. In the far-field, the combination of orthogonal p and m dipoles following Kerker's condition p = m/c gives rise to the Huygens dipole, exhibiting directional scattering [6] [7] [8] with applications in reflectionless metasurfaces [1, 10, 11] and optical metrology [12] among others. In the near-field, directional coupling of waveguided modes was initially predicted and demonstrated in electromagnetism via the evanescent coupling of circularly polarised dipoles [13] , relying on the transverse spin and spin-momentum locking in evanescent waves [14] [15] [16] . The analog acoustic scenario was recently demonstrated using circular acoustic dipoles [17, 18] . This shows that the transverse spin is a universal property of evanescent waves in any wave field including acoustics [17] [18] [19] [20] [21] , electromagnetism [14] [15] [16] and gravitational waves [22] . However, near-field directionality in electromagnetism was generalised beyond circular dipoles to include combinations of electric and magnetic dipoles that achieve near-field directional coupling with different symmetries [4, 5] : one example is the aforementioned Huygens dipole, which can be also applied for near-field directionality, and another is the intriguing Janus dipole, whose combination between electric and magnetic dipoles * lei.wei@kcl.ac.uk † francisco.rodriguez˙fortuno@kcl.ac.uk requires a 90 degree phase difference to achieve a facedependent or position-dependent coupling to the waveguide modes [4] . These sources exploit the amplitude and phase relations that exist between different components of the electric and magnetic fields in evanescent waves. In acoustics, similar amplitude and phase relations exist between the scalar pressure and vector velocity fields, opening the possibility of Huygens and Janus-like directional sources.
High index materials are also sought after in acoustics. Micro-sized air bubbles in liquid show strong resonances [23] and are widely used as a contrast agent for high resolution acoustic imaging [24] . Acoustic metamaterials [25, 26] made of high index materials including air bubbles and porous silicone rubbers [27] are proposed to achieve exotic physical properties like negative effective mass density and modulus [28, 29] . Mie-type acoustic meta-atoms [30] [31] [32] have been proposed and demonstrated, which can have high effective acoustic index even in the background of air. In this work we explore the possibility to produce acoustic Huygens and Janus-type directional sources to achieve far and near-field directionality, using a high-index particle platform.
II. THEORY
We begin this work by deriving all possible combinations of an acoustic monopole M and dipole D that achieve far-and near-field directionality. The complex pressure field of such a source is given by:
where r = |r| is the distance to the source, assumed to be at the origin, and k 0 = 2π/λ is the acoustic wavenumber of free space. To analyse both far-and near-field directionality we will apply a standard technique in electromagnetism: the angular spectrum decomposition [33] [34] [35] [36] . Such decomposition expands the fields as a superpo-arXiv:2003.13292v1 [physics.class-ph] 30 Mar 2020 sition of momentum eigenmodes p(r) = k p(k)e ik·r dk. Each component p(k)e ik·r has a constant wave-vector k = (k x , k y , k z ). Owing to the dispersion relation, the k z component of k can be derived from the in-plane momentum (k x , k y ) via the dispersion relation k 2 x +k 2 y +k 2 z = k 2 0 . As is well-known in photonics, in the region k 2
x + k 2 y ≤ k 2 0 the momentum eigenmodes correspond to propagating plane waves with a real-valued k. However, in the region k 2 x + k 2 y > k 2 0 , the component k z becomes imaginary, and e ik·r represents an evanescent wave, corresponding to the near-field spectrum [37] .
The angular spectrum p(k) can be analytically calculated via a partial Fourier transform of p(r) from Eq. 1, using Weyl's identity [35] , and it is given as (see supplementary information):
wherek = k/k 0 . Eq. 2 is the master equation from which any type of directionality can be analysed or designed. Far-field directionality manifests itself as zeroes in the angular spectrum inside the circle k 2 x + k 2 y = k 2 0 , while near-field directionality manifests itself as zeroes outside of that circle [4, 5, 38] . For example, let's start with far-field directionality: to achieve directionality in the forward x direction we may introduce a zero of p(k) for the plane wave propagating along the negative x axis. Substitutingk = (−1, 0, 0) into Eq. 2 and equating it to zero, one immediately arrives at the acoustic analogue of Kerker's condition M − D x = 0. An acoustic monopole M combined with an acoustic dipole D = (M, 0, 0) will result in Kerker-like far-field directionality, in complete analogy to a Huygens' dipole. This is shown in the farfield diagrams of Fig. 1 . Intuitively, the monopole source is expanding and contracting in an oscillating manner, creating an isotropic spherical pressure wave, while the dipolar source is vibrating back and forth, creating a peanut-like radiation diagram, with opposite pressure changes and opposite velocities on opposite directions. Their coherent combination results in a very special vibration of the source: the source moves forwards while expanding, and then moves backwards while contracting, in such a way that the backward-facing surface does not move, producing no pressure wave in the backward direction. In the next section we show how to implement this acoustic Huygens source in a realistic spherical or cylindrical scatterer upon plane wave excitation, exhibiting no back-scattering, with interesting applications.
Electromagnetism
Electric dipole Even more interesting solutions appear if we look at near-field directionality. In this case, we must set the angular spectrum in Eq. 2 to be zero at some value of (k x , k y ) outside of the circle k 2
x + k 2 y = k 2 0 . Following an identical approach to the optical case [5, 34, 38] , we can study near-field directional coupling of a waveguided mode with an effective refractive index n eff . The evanescent wave near-field component that would couple to such a mode, propagating in the ±x direction, is given bŷ k = (±n eff , 0, iγ), where γ = ± n 2 eff − 1 to fulfill the wave-equation conditionk ·k = 1. The sign of ±n eff will 
determine the direction of propagation of the mode, +x or −x, while the sign of γ will determine the position of the source, below or above the waveguide, respectively. Substituting thisk into Eq. 2, and equating it to zero, we immediately arrive at M +n eff D x +iγD z = 0. Three simple solutions emerge when only two of the three source components are allowed to be non-zero: (i) the circularly polarized dipole, (ii) the near-field Huygens dipole, and (iii) the Janus dipole. The three solutions are summarized in Table I and simulated numerically in Comsol by placing the different sources near a waveguide, shown in Fig. 2 . The sources are a clear mathematical analogy to their electromagnetic counterparts [4] . While in electromagnetism we could find two versions of each solution -corresponding to each of the two transverse polarizations-, in acoustics there is only one version of each solution, consistent with the fact that acoustic waves have a single longitudinal polarisation. In the next section we show how high acoustic index particles can be used to achieve these solutions, with the required relative amplitudes and phases between the monopole and dipole components, and numerically demonstrate Huygens and Janus behaviour in the far-field and near-field, respectively. Near-field directional coupling using acoustic monopole and dipole combinations. (a) Circular dipole, (b) Huygens source, (c-d) Janus source. The waveguide slab has ρ =β = 2, thickness 0.2λ, and n eff ≈ 1.31. The source is placed at a distance 0.05λ above (a-c) or below (d) the waveguide.
III. HIGH INDEX ACOUSTIC SCATTERERS
Consider a high index acoustic scatterer upon which an external, time-harmonic sound wave with pressure distribution p in (r) and velocity field v in = 1 iωρ0 ∇p in is incident. We assume the scatterer is located at r = 0 in a background with mass density ρ 0 and compressibility β 0 and only longitudinal sound waves with velocity c 0 = 1/ √ ρ 0 β 0 considered. The monopole and dipole induced in the acoustic scatterer are given by:
where p in and v in are evaluated at r = 0, and α M and α D represent the acoustic monopolar and dipolar strength, solely determined by the scatterer and the background material. In the special case of plane wave or evanescent wave incidence p in (r) = p 0 e ik0k in ·r , the dipole moment is reduced to D =k in α D p 0 and the master equation for the angular spectrum of the scattered field, Eq. 2, can be simplified as:
In order to illustrate our concept in a simple manner but without loss of generality, let's assume the scatterer is a sphere of radius r 0 and made of a material that supports longitudinal sound waves only, and has a relative mass density and compressibilityρ = ρ 1 /ρ 0 andβ = β 1 /β 0 . The acoustic scattering of spheres and cylinders can be analytically calculated (as detailed in the supplementary) in a similar way to Mie theory for optical scattering. A high acoustic index n = ρβ corresponds to a strong contrast in the speed of sound between the scatterer and the background medium c 1 = c 0 /n. Just like the electromagnetic case, where a high refractive index results in a spectral region (i.e. certain values of 2πr 0 /λ) dominated by the electric and magnetic dipolar contribution, a high index in acoustics also results in a spectral region of strong acoustic monopolar and dipolar responses, with the higher order modes suppressed.
The relative amplitude and phase between the monopolar and dipolar strength can be tuned with the material properties and size, enabling us to easily achieve the specific conditions required for Huygens and Janus sources. Fig. 3 shows the relative amplitude and phase of the acoustic monopolar and dipolar moments for a sphere with an acoustic index n = 3, with varying relative mass densityρ and compressibilityβ. In the range shown, 0 < 2πr 0 /λ < 1.5, the higher order multipoles are negligible. We begin by looking at the conditions required for a Huygens-type far-field directional particle. Following Eq. 4, the scattering pressure of the particle in the forward/backward direction, relative to the incident plane wave, is given by p(±k in k 0 ) ∝ α M + α D (±k in ) ·k in . Owing to the dispersion relation, we know thatk in ·k in = 1, and so, the condition to achieve zero forward/backward scattering becomes:
The condition for no backward scattering is therefore α M = α D , and it can be easily implemented with a subwavelength particle. Consider the behavior shown in Fig.  3(b) in the limit of small particles (r 0 /λ → 0). In this limit, we can see three distinct regions: the monopolar and dipolar moments are ±π out of phase (preferred backward scattering) in the ranges 0 <β < 1 and 0 <ρ < 1, while they are in phase (preferred forward scattering) in the overlapping region where both β andρ are larger than 1. This result can be derived analytically: in the limit r 0 /λ → 0, the two moments can be approximated as α M ≈ (β − 1)(k 0 r 0 ) 3 /3 and α D ≈ (ρ − 1)(k 0 r 0 ) 3 /(2ρ + 1). In the region where both monopole and dipole are in phase, there is a point where they also have equal amplitudes, marked with a black dashed line, and so α M = α D . This condition represents the acoustic analog of the electromagnetic Huygens dipole with zero back-scattering in the far field, easily achievable with high-index spheres or cylinders. An acoustic Comsol simulation of such a particle (in the simpler two-dimensional case of a cylindrical scatterer) is shown in Fig. 4(a) , clearly showing the forward scattering. 2) upon plane wave incidence along the z direction, where the Huygens condition αM = αD for zero backward scattering is met. (b, c) Scattered pressure distribution of a cylinder (radius r0 = 0.287λ/(2π), relative acoustic index n = 8.082 and relative mass densityρ = 1.04) placed at a distance of λ/8 below (in (b)) or above (in (c)) a slab waveguide (thickness λ/6, relative acoustic index n = 1.81 and relative mass densityρ = 2). A sound plane wave is incident along the z direction. The cylinder scatterer fulfils the Janus condition with αM/αD = 0.599i and the slab waveguide supports a guided mode with effective index n eff ≈ 1.166.
The Janus condition can also be achieved, but not in the limit of small particles. The white dashed lines in Fig. 3 indicate the locations where the monopole and dipole moments are on quadrature phase difference α M /α D = i|α M /α D | as required by Janus sources. The specific required amplitude ratio |α M /α D | will depend on the effective index of the modes we want to couple to. Assume that the incident sound wave is propagating in the +ẑ direction, i.e.k in = +ẑ. Following Eq. (4), the scattering angular spectrum for evanescent wavevectors k ev with (k 2
x + k 2 y ) 1/2 = k 0 n eff > k 0 , and corresponding k z = ±ik 0 γ, is given by:
where we introduced the Janus condition α M /α D = i|α M /α D |, and where γ = (n 2 eff − 1) 1/2 is always taken as the positive square root, while the ± sign corresponds to scattering in the z > 0 or z < 0 half spaces, respectively. It follows from Eq. 6 that the evanescent components with a transverse wavevector satisfying (k 2
x + k 2 y ) 1/2 = k 0 n eff = k 0 (1 + |α M /α D | 2 ) 1/2 , will have a zero amplitude in the lower half space (z < 0), meaning that the source will not couple to waveguided modes with an effective index n eff when the waveguide is placed in the z < 0 half-space. At the same time, the source has a non-zero amplitude for the same evanescent waves in the upper half space (z > 0), meaning that it will couple to the modes of the same waveguide if it is placed in the z > 0 half-space. This, together with no far-field directionality -which is easy to prove for these monopole and dipole compositions α M /α D = i|α M /α D |-constitutes the signature of a Janus source, with its charcteristic facedependent behaviour, in perfect analogy to electromagnetism. Fig. 4 (b-c) shows a cylindrical particle designed in this way, simulated in Comsol, and placed at either side of a planar slab, showing the side-dependent on-off coupling to the waveguide modes.
IV. CONCLUSION
We have extended the analogy of far and near-field directionality from dipolar sources in electromagnetism to the domain of acoustics. On one hand, we theoretically describe and numerically demonstrate the acoustic analogy of a far-field directional Huygens dipole with zero back-scattering, implemented with high acoustic index spheres or cylinders. This may have interesting application for reduced reflection materials in acoustics engineering. The possibility of zero forward-scattering Huygens scatterers could also lead to the design of novel sound barriers.
On the other hand, we also theoretically described near-field directional coupling of waveguided modes using monopole and dipole combinations. We show that the three solutions: circular dipole, Huygens source, and Janus source, in perfect analogy to the electromagnetic case, appear naturally as independent solutions to the simple angular spectrum of an acoustic source. We theoretically and numerically propose a simple realistic way of achieving a Janus scatterer with spherical or cylindrical high acoustic index materials, clearly exhibiting the characteristic position-dependent near-field coupling behaviour. This has clear implications for the understanding and control of the near-fields of sound waves.
During the writing of this manuscript we noticed the recent publication of the theoretical and experimental Ref. [39] which describes and experimentally demonstrates the same set of three acoustic near-field directional sources described here. The work elegantly derives the three sources from fundamental symmetry considerations and follows a Fermi Golden rule approach. The key difference of our work is our angular spectrum approach and our proposed realization of the sources using the scattering from spherical or cylindrical particles made of high acoustic index materials, instead of phased combinations of acoustic monopoles. 
where v in = 1 iωρ0 ∇p in is the velocity field of the incident sound wave, α M = a 0 /i and α D = 3a 1 /i represent the monopole and dipole strength of the scatterer, and where a 0 and a 1 are coefficients for the monopole and dipole, solely determined by the scatterer itself. For the special case of a spherical object, its scattering of sound waves can be analytically treated like Mie theory for optical scattering. Consider a spherical scatterer with a radius of r 0 and made of materials with mass density ρ 1 and compressibility β 1 , supporting longitudinal sound waves with a velocity c 1 = 1/ √ ρ 1 β 1 . The coefficients a 0 and a 1 can be determined by the following expression:
, (A2) where j n (kr) is the spherical Bessel function of the first kind and h (1) n (kr) is the spherical Hankel function of the first kind, j n (kr) and h (1) n (kr) are their first order derivatives with respect to the argument variable kr. The relative mass density and compressibility are defined as ρ = ρ 1 /ρ 0 andβ = β 1 /β 0 , and k 1 = ω/c 1 = k 0 n with n = ρβ being the acoustic refractive index.
The scattering pressure distribution due to the monopole and dipole contribution can be expressed as:
In order to obtain the angular spectrum of this source, we need to perform a partial Fourier transform in the xy plane. The angular spectrum p(k x , k y ) is defined such that:
where the z direction is an arbitrarily defined direction in space, so that k z is taken to be the dependent variable k z = (k 2 0 − k 2 x − k 2 y ) 1/2 while the angular spectrum is defined in the two dimensional domain of transverse wavevectors p(k) = p(k x , k y ). As is well-known in electromagnetism, strictly speaking two different spectra p + (k x , k y ) and p − (k x , k y ) have to be defined, corresponding to the fields in the z > 0 halfspace and the z < 0 halfspace, corresponding to the two possible signs of k z , respectively.
In order to write Eq. (A3) in the form of Eq. (A4), we make use of Weyl's identity [35] :
Substituting Weyl's identity into the corresponding terms in Eq. (A3), and applying the linearity of the integration and gradient operations (the gradient operator becomes a multiplication times ik inside the integral) we arrive at:
wherek = k/k 0 . By comparing Eq. (A6) with the definition of the angular spectrum in Eq. (A4), we finally identify the expression for the angular spectrum:
as given in the main text. Note that the two angular spectra p + (k x , k y ) and p − (k x , k y ), corresponding to the two half spaces z > 0 and z < 0 will differ in the sign of the z component of the vectork. Also note that Eq. (A7) is a complete and exact analytical form of the angular spectrum, revealing not only the far-field directionality of the source (for k 2 x + k 2 y ≤ k 2 0 ) but also its near-field directionality (corresponding to the evanescent wave spectrum when k 2
x + k 2 y > k 2 0 ) associated to the coupling behaviour between this source and nearby bound waveguide modes.
